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1. Introduction. The author gave, in the paper Ix(l), a discussion of the

redundancy of the conditions which appeared in the generalization of von

Staudt's theorem for symmetric matrices of order 2. The author then could

also give a proof for matrices of all even orders but was unable to prove the

result in its full generality, and further the proof depended essentially on

some results about involutions. The author has now found a simpler proof

which holds for any order greater than 2 and which is independent of the

results about involutions. Nevertheless, the proof is carried out by means of

mathematical induction upon the result of L, which depends essentially on

the theory of involutions.

Several theorems for geometries keeping an involution as an absolute have

also been obtained.

The second part of the paper is concerned with analytic mappings. The

projective space of symmetric matrices may also be considered as the ex-

tended space of several complex variables as defined by Osgood(2). So far as

the author is aware, the completeness of the group of automorphic mappings

of an extended space has been established only for two special cases, namely

the space of function theory and the complex projective space. If we assume

that the group is topological, we may deduce the result from a theorem of

E. Cartan(3) for semi-simple groups. In this paper, the problem is solved

without any restriction besides analyticity.

As an application of the previous result in combination with the continu-

ity theorem due to Levi(4) and with a result due to the author(5), we solve

also the corresponding problem for the group of automorphs of the elliptic

space. It should be remarked that the corresponding problem for the hyper-

bolic space was solved by C. L. Siegel(6) in a recent important paper.
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2. Arithmetic distance. Let © and X be two sets of points in the "projéc-

rive" space of symmetric matrices. The arithmetic distance between © and X

is defined to be the least upper bound of the arithmetic distance between any

two points S and T, where S and T belong to © and X respectively. It is de-

noted by r(©, X).
In particular for © = SE, the distance ?•(©, @) is called the arithmetic di-

ameter of the set ©. •

Given a positive integer p, a set © is called a maximal set of rank p, if ©

is of arithmetic diameter p, and if any set properly containing © is of arith-

metic diameter greater than p.

Theorem 1. A normal subspace of rank p is a maximal set of rank p.

Proof. Since arithmetic distance is invariant, we may take the normal

subspace to consist of the points

/X<'>  0\

\ 0     0/

For any vector v and any number o, not both zero, we have Xw such that

/XC>> v'\

\   v     a)

is a nonsingular (p + l)-rowed matrix. The theorem is now evident.

Is the converse of Theorem 1 true? It is true for p = l, but in general we

have the following "gegenbeispiel":

The set of all matrices of rank 1 forms a maximal set © of rank 2, but does

not form a normal subspace. In fact, the equation

x   y z

y   u v

z    v w

for all a, b, c implies that

o2 ab

ab b2

ac    be

y   z

u   v

V     w

ac

bc

/-2

= 0

is of rank 1. This fact shows that © is a maximal set. On the other hand, we

have »"(©, 0) = 1, which cannot hold in the normal subspace.

3. Arithmetic property of the normal subspace. Now we extend the con-

cept of dieder manifold a little further:

Definition. Let Pi and P2 be two points. The points X satisfying

r(Pi, X) + r(X, Pi) = r(Pi, P2)
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are said to form a dieder manifold spanned by Px and P2.

Theorem 2. A maximal set of rank p is a normal space if and only if it

contains all dieder manifolds spanned by any two points of the set.

Proof. (1) Let
P = 0,       Q = [1, • • • , 1, 0, • • • , 0]

(where the l's are p in number) ; we shall prove that, if

r(P, X) + r(X, Q) = r(P, Q),

then X takes the form

«,   ox

V o   o/

We consider the pair of matrices Q and X. There exists a nonsingular matrix

r(7) such that
r-iZr'-i = [i, . . . , l, o, • • • , 0], 0ÚPÚP

(where the l's are p in number), and

p-içr'-1 = Q.

From the second equation, we find that

AA' = I.

Then
C D'

/Z<">   o\
x = r ( ) r'.

\o      0/

Consequently, we have the assertion.

Therefore a normal subspace contains the dieder manifold spanned by

any pair of points of the subspace.

(2) Without loss of generality, we may assume that the maximal set con-

tains two points

P = 0,       Q = [1, • • • , 1, 0, • • • , 0J

(where the l's are p in number). So it contains

Pi = [1, • • • , 1, 0, 1, • • ■ , 1, 0, • • • , 0], i^iúp

(where the first zero in the brackets appears in the ith place, the second in the

(p-l)th),and

Pi} —  P\P j, Pi}h = PiP ¡Pk,

and so on.

(7) See Turnbull and Aitken, Theory of canonical matrices, 1931, p. 135.
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Let
X = (aT¡) íár, «en-

be a point of the set. Then

r(X, Pi) g p,        r(X, Pa) ^ p,        r(X, Pijk) ^ p,

and so on. Consequently, the matrix

On — «1 Oi2 ■ •  •  Oip Oi p+i      • • • Oi„

oi2 o22 — e2     ■ • • a2p a2 ,,+1    ■ • • o2„

Oip a2p      • • ■ app — ep      ap p+i    ■ ■ ■ apn

Oi p+i a2 p+i      ■ ■ ■ ap p+i      ap+i p+i • • ■ ap+i „

Oln o2„ Op+l n    ■ • • o„

is always of rank p for ei, • • • , ep arbitrarily taken from 0 and 1. In particular,

On —  «1 Oi2 • • •  Oip flu

oi2 o22 — e2     • • • o2p        an

Oip

On

02p      • • • app — ep    Op,-

o2l- • • • Op,-        an

= 0

for p<i^n and any choice of e. Putting «i = 0 and €i = 1 and subtracting the

results, we have
o22 — €2     •»• <j2p        a2i

a2p

a2i

app     €p    api

a„i        Oi

= 0.

Repeating the same process, we have finally

app      €p    Opt
= 0

for €p=0and 1. Consequently Oü = 0 and Op¡ = 0. Varying p, we find thatOjj = 0

for all 1 ̂ j^p. Further varying i from p + 1 to w, we have the assertion.

Therefore the elements of the set are of the form

/X<'>  0\

\0       0/

By Theorem 1 and (1) we have the second part of our theorem.
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Since pairs of points with arithmetic distance p (1 apa«) form a transi-

tive set, the proof of the previous theorem establishes also the following :

Theorem 3. Given two points with arithmetic distance p, there is one and only

one normal subspace of rank p which contains both.

4. Proof of the fundamental theorem.

Theorem 4. A continuous mapping carrying symmetric matrices into sym-

metric matrices and leaving arithmetic distance invariant is either a symplectic

transformation or an anti-symplectic transformation.

Proof. (1) The theorem was proved for matrices of order 2 in L. Now we

shall establish the general theorem by induction on the order of matrices.

We thus suppose that the order of matrices is not less than 3.

(2) Let

(i) r(z) = Zi

be a mapping satisfying our conditions. The points of the form

U    o)
form a normal subspace of rank « — 1. Since the arithmetic distance is invari-

ant, the set of points

r
/    (n-l)    0S

Vo     o)
forms also a normal subspace of rank « — 1. Since the totality of all normal

subspaces of rank « — 1 form a transitive set under the group of symplectic

transformations, we may therefore assume that V satisfies

/if'"" o\    iwT" 0\
(2) r( o     »Mo     o>

It induces a continuous mapping on the (w-l)-rowed matrices IF and it keeps

arithmetic distance invariant. Therefore by the hypothesis of induction we

find either a symplectic mapping

(3) W = (aWi + ß)(yWi + 5)-\ a = «<"-",

and so on, or an anti-symplectic mapping

(4) W = (aWi + ß)(yWi + Ô)-K

The symplectic transformation Z = (AZi+B)(CZi+D)~1 with

-CD' -o -a °=o
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carries the transformation V inducing (3) into a new one satisfying

'H/(»-D   fj\        /W^Cn-D   o<s
(5)

/u/(»-D o\      /^(«-D 0\

\  o     o/~ V  o     o/"

Applying the same method to those T inducing (4), we conclude, in both

cases, that we may assume, without loss of generality, that T satisfies (5).

(3) Since

is a matrix of rank 1, we may let

/0(«-D 0\
r \ o     i/ = (ai' " ' ' an)'(fl1' an).

Since the arithmetic distance between

/jc»-d o\ /O^-1' 0\

\0       0/'        \0        l)

is equal to «, we have a„?^0. The transformation Zi=^4'Zi4 with

/I<,n-X)       0//(»-!>        0 \
A = I        -i   -i), » = (ax,

\—van   an /

carries (5) into itself and (oi, • • • , an)'(ax, • • • , a„) into

/0(»-D 0\

V 0        I/"

Therefore, we may assume further that

/0(n-D 0\      /O«"-» 0\

<« r(o     D-(o     i>
(4) The transformation T leaves

0«      0         01 [0 0 0

0        z(n-2> 0   , 0 0(n-2> 0

.0         0         0] (0 0 1

invariant, therefore, by Theorem 2, we find

/0 0 \      /0 0 \

By the supposition of induction, we have either

fln-l),
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(7) u/(«-i> = (aWi + ß)(yWi + Ô)'1

or

(8) IF o-1' = (alFi + ß)(yWi + S)~\

where

CO
is a 2(w —l)-rowed symplectic matrix.

According to (5), the transformation (7) and (8) leaves every point of the

form
/X<"-2)   0\

m ""(o       o)
invariant; (8) cannot hold.

Since (7) leaves every point of the form (9) invariant, we have

/ + 7<"-2> o2'\

Vs   Cif \ + a2ai     a4 /

Further, (7) carries

(°° )\0 1<»/

into itself ; we have o¡¡ = 0.

Let

Ám(±"   ),    „,(<">   ),
\    0 a<"-1>/ \0 /S««-»/

c.(">   y      *_(«•   Y
\0 7(»-D/ \   0 Si"-1'/

The transformation

Z= (^Zx + ^iCZi + Z?)"1

carries T into a new one satisfying (5) and

/0 0        \     /o 0        \

\0 PP<—»/ ~ \0 IF<"-lV

since the transformation leaves every point

(x'r° °)
\o 0/
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invariant.

(5) Since

/l 0       \_/l 0       \ /Ot"-1' 0\      /OC""1' 0\

\o o«—»/ " \o o<»-»)' \0       1/    Vo       1/'

we have

Xxx 0 • • ■ 0 »i„

0   0 ■ • • 0 0

0    0 • • • 0 0

Xln 0  •   •   • 0 X„n   .

XXX 0

0    0

0    0

. xi„0

0       Xxn

0    0

•00

• • o  xL

and by hypothesis of induction, we have

c D-«< ¡¿mm* i)+,r-
which is a symplectic transformation. (Notice that we omit the "anti-sym-

plectic" case by the same reason given in (3).)

Since it leaves every point

fx 0\ /0 0\

\0 0/'        \0 y)

invariant, we have either

a = Z<2), ß = 0,

or

-C-D-13 = 0,

5 = Z<2>

=C-:>
For the first case the transformation with

A = I,       B = 0,       C =

f 0 0- •• 0 c

0 0- •• 0 0

0 0-■•0 0

c 0 • • • 0 0

D = I
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and for the second case the transformation with

Í 0    0- •• 0    c

0    0 ■ • ■ 0    0

A = [1, 1, ••• ,1, -1],     F = 0,     C =

0    0 • • • 0    0

-c 0 • •• 0    0

carry T into a new one which satisfies (5), (10) and

(ID

*ii0

0   0

• 0    xlH

■ 0   0

xu 0

0    0

0       Xln

0    0

D = A,

00-00 0    0 • ■ • 0    0

v Sl« 0 •   •   •   0      X„n  I I   «In 0 •   ■   ■   0      Xnn  I

(6) In particular, we conclude that we may assume that

r([Xi, • • • ,X„_i, 0]) = [Xi, • • • ,Xn_i, 0],

r([o, x2, • • • ,xn]) = [o, x2, • ■ • ,x„],
and

r([Xi, o, • •• ,0, x„]) = [xx, o, •• •, o, x„].

Now we are going to prove that

(12) T([Xi, •■• ,X„]) = [Xi, ■• • ,Xn].

Since

r([\i,- ■ ■ ,Xn], [Xi, • • • , Xn_i, 0]) = 1

we have

T([Xi, ■ • • , X„]) = [Xi, • • • , X„_i, 0] + (oi, • • • , on)'(oi, • • • , o„).

Since
r([\i,-- ■ , X„], [0, X2, ■ • • ,X„]) = 1,

we have o2=o3= • • • =o„_i = 0. Further, since

r([\i, X2, ••• ,Xn], [Xi, 0, • • • ,0, X„])

= r([\i, • • • ,A—i,0] + (ai,0, • • • , 0, on)'(oi, 0, • • • ,0,a»), [Xi,0, ■ • • ,0,X„]),

we obtain that the matrix

2
(Oi       OiO„     \

oio„ o„ — X„/

is of rank zero, that is oi = 0 and o„2 =X„. Thus we have the assertion.
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(7) Let

r(Z) = Z„       Z = (zif),       Zx = (ai/).

Since (12) holds, the equation

d(Z - [Xi, • • • , X„]) = 0

(consider Z as fixed and vary Xi, • • • , X„) implies

d(Zx - [\x, ■■■ , X„]) = 0

and vice versa. This implies

d(Z - [Xi, • • • , X„]) = d(Zi - [Xi, • • • , Xn])

identically in Xi, • • • , X». Consequently, we have

i till*

Zu — Zu, ■ ZuZjj        Zij — ZuZjj        Zij,

and

Zij —   X Zij.

The transformation

[1, -1, 1, ••• ,ljZ[l, -1, 1, ••• ,1]

carries zu into itself and Zxt into — Ziü. Thus we may assume that

Zxi = Zxi-

By the same consideration given in the proof of Theorem 8 of I, we have

r(Z) = z.

The theorem therefore follows.

5. Affine geometry of symmetric matrices.

Theorem 5. A continuous mapping carrying finite points into finite points,

infinite points into infinite points, and keeping arithmetic distance invariant is

either an affine mapping

(13) W = ,4Z,4VS

or an anti-affine mapping

(13') W = AZA' + S.

This is an immediate consequence of Theorem 4.

6. Möbius geometry of symmetric matrices. As in II, we let 3i be a funda-

mental involution as an absolute, for example :

(14) W = HZH,



1947] GEOMETRIES OF MATRICES. Ill 239

where 77= [1,1, • • • , 1, — l]. The arithmetic distance between P and 3(P)

is either 0 or 2. In case P = $(P) we say that P is a point-matrix.

Theorem 6. A continuous mapping carrying point-matrices into point-mat-

rices, non-point-matrices into non-point-matrices and keeping arithmetic dis-

tance invariant is a Mobius mapping or an anti-Möbius mapping.

Proof. We take 3 in the form of (14), which carries matrices of the form

(n-l)

(15) a o
into themselves. Thus the mappings under consideration carry the set defined

by (15) onto itself.

Without loss of generality we may assume that the mappings keep 0 and

oo invariant; by Theorem 4, it takes either the form

W = AZA'
or

W = AZA'.

For the first case, we put

and we have

A - (A'  «),
\at   a  /

(Wl°\ = (Al   a{\(Zl °\(A{  ai\

\0     w)     \a2   a  )\0    z/\ax   a  )'

Consequently, we have

AxZia2 + aíza = 0

for all Zi and z. It follows that

(i) ai = 0    or     a = 0

and

(ii) a2 = 0    or   ^4i = 0.

The case with «i = 0, a2 = 0 is what we are looking for. The other cases

cannot happen by the nonsingularity of A, except when « = 2, a=^4i = 0. For

this case we have also a Möbius mapping.

A similar method may be used for the second case.

7. Manifold at infinity. Let M be an idempotent symmetric matrix, that

is, M2 = M. Then 7—if is also an idempotent symmetric matrix, since

(7-M)2 = 7-2Af+lf2 = 7-Af. Further M and 7-If annihilate each other,
namely

M(I - M) = (I - M)M = 0.
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From an idempotent symmetric matrix M, we can construct a symplectic

transformation

IF = (MZ + (I - M))(- (I - M)Z + M)'1.

Now we consider those transformations with diagonal M. They are 2n in

number, including the identity. The 2n —1 non-identity transformations are

called the fundamental semi-involutions of the space of symmetric matrices.

They are of fundamental importance in the study of the extended space.

For the sake of later use, we give the explicit expression of the semi-

involution with

M

Let

we have

/7<r> 0\

\0 0/

/Zu Zi2\

\Zn z22/

(Zu — Z12Z22Zi2      — ZiiZii \
(16) W = ( i _     i     Y

\        — ¿>22£'Vi — ¿<22       /

Theorem 7. Every point at infinity can be carried into a finite point by one

of the 2n —1 semi-involutions.

Proof. Suppose that
(Zu Z2)

be the homogeneous coordinate of a point at infinity, with Z2 of rank r. There

exist two permutation matrices(8) P and Q such that

/7(r) *\«« - Ç .)
where ZÍ? is nonsingular. We have a nonsingular R such that

Let
(Q'~l

FP(Z,.Z,1(

Then

(Zu Z\i\
Rrza = t   o>

(Q'-1   0\
RP(Zi, Z2) Q ) = (IFi, IF2).

(8) Corresponding to a permutation

1,2, • • • ,n

ji,h, • • • >V
we have a permutation matrix which is the matrix of the linear transformation x'v = *.-,,

(lápáw)- Evidently, we have P'^P'1.



1947] GEOMETRIES OF MATRICES. Ill 241

W2

Let

and

We have immediately

and

/Zu Zi2\

~\0     0 /"

r. - C" w")
\Wn  W22J

t=/I    -ZxxZiA

(Zu   0\
W»T = ( )

VO      0/

WxT'~l = ( V
\0   TF22/

The zero at the left lower corner is obtained because (Wi, W2) is a symmetric

pair. Then Wn is nonsingular, since (Wi, W2) is a nonsingular pair.

Let
r*7«   0>

M

Then

where

/7(r' 0\

\0     0/

/        M I - M\

/O   ÍFiA      /Zu Zi2\
Pi = 1Fi(Z - M) + WiJf = ) + ( ),

\0   IF22/      \0     0  /

which is evidently nonsingular.

Now we consider

/Q   0\ /       M I - M\ /Q'  0 \      /        If i        Z - 27 A

\0   Q/\-(Z-17)       37   /VO    Q')~\-(I-Mx)     Mx   )'

Mx = QMQ~\

which is a semi-involution, since Q' = Q~1. The theorem is therefore estab-

lished.
Since

(17) d(- (I- M)Z + M)

is a principal minor of Z, we have the following theorem.

Theorem 8. The manifold at infinity is carried by the 2" — 1 semi-involutions

into manifolds defined by equaling the principal minors of Z to zero.
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8. Group of analytic automorphs of the space. Now we come to the second

part of the paper. The projective space of symmetric matrices may be re-

garded as an extended space of several complex variables as defined by Os-

good. The aim of the present section is to establish the following theorem.

Theorem 9. ^4» analytic mapping carrying the extended space onto itself

is a symplectic mapping.

Proof. (1) Let

(18) IF = r(Z)

be an analytic mapping carrying the projective space of symmetric matrices

onto itself. By a theorem due to Osgood(9), the mapping is birational; con-

sequently, (18) may be written as

(19) wn = Pii(Z)/q(Z)

where pi¡(Z) and q(Z) are 2_1«(«+1) + 1 polynomials without common di-

visor.

(2) There is a point S at which

Pa(S) * 0,       q(S) * 0.

The transformation Z = Zi+S carries (18) into a new one with

(20) Pa(0) * 0,       q(0) * 0.

The transformation

(21) iF = r(-zr1)

maps also the space onto itself, and

■Wh = Pa(- Zr1)(d(Zi))Vq(- Zr1)(d(Zi))\

where X is the least integer making all numerators and denominators integraL

By (20), pu(-Zr1)(d(Zi))x and q(-Zr1)(d(Zx)Y are of degree «X. Consider

the Jacobian of (21). Let A and Ai be the inVerses of the Jacobians of (18) and

(21) respectively. Notice that A and Ai are polynomials, for otherwise there

would exist some point for which the Jacobians vanish. Then we have

Ai(Zi) = A(-Zr1)(d(Zi))n+1,

since the Jacobian of Z= -Zr1 is (d(Zi))-(n+l>. Since g(0) ^0, we have A(0)

ï^O. Consequently Ai(Zi) is a polynomial of degree m(w+1).

Without loss of generality, we may now assume that pa and q are poly-

nomials of degree «A and that the inverse of the Jacobian of (18) is a poly-

nomial of degree «(»+1) and its term of highest degree is equal to a constant

(») Ibid. p. 295.
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multiple of (d(Z))n+1. The highest terms of pa and q are also constant multiples

of (d(Z))\
(3) We decompose q into irreducible factors

(22) q = q]1 • ■ ■ ¿\

Now we are going to establish that (qx • • • <Zi)n+1 divide A. By some easy

transformation we may suppose that qx does not divide p„n. We consider the

product of the transformation (16) with r =« — 1 and (18). The inverse of the

Jacobian of the new mapping is equal to

(p„„/q)»+iA,

which is a polynomial. Thus qxn+1 divides A. Therefore we have the assertion.

(4) Since d Z) is irreducible and

A(Z) = c(d(Z))»+i + • • • ,

we have immediately that I = 1. Therefore

q(Z) = (ad(Z) + • • • )\

Further (16) with (« — 1) carries pnn into the denominator, then we have also

pnn(Z) = (annd(Z) + • • ■ )\

The mapping cannot be one-to-one except when X = l.

Now we may assume that

(23) q(Z) = ad(Z) + ■■■ ,

(24) Pa(Z) = aijd(Z) + ■■• ,

and

(25) A(Z) = c(q(Z)Y+\

(5) Now we shall prove that pup}} —Pa2 is divisible by q. In fact, by (16)

with r = n — 2, we have

/* *

—   Pn n-X

Pn-X n-Xpnn ~  Pn n-X   \_  pn n-X Pn-X n-X/

If q does not divide pn-xn-xpnn— P2n-x, the manifold q = 0 is mappedjinto a

manifold of dimension not greater than «(« + 1) —3, which is impossible. Simi-

larly, every three-rowed principal minor of (pi,) is divisible by q.

(6) Since
A(- Z->)(d(Z))n+1 = *x(Z),

we have
q(-Z~W(Z)) =qx(Z),

_i_/ Pnn

i'n-l n-Xpnn ~  Pn n-X   \~  pn n-X
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where qi(Z) is a polynomial. By means of (16) with r = re — 1, we may find that

Pn(-Z-1)d(Z)

is also a polynomial. Further, by means of (16) with r = n — 2, we find that

*«(- z~W- z~x) - p2a(- z"1)
—■-—0(3)

9(-Z->)

is also a polynomial. Thus

*»!,<- Z~)(d(Z))*

is a polynomial, and so is pa(—Z~l)d(Z). Therefore we have to find the poly-

nomial p(Z) of degree « such that

p(- Z-*)d(Z)

is a polynomial.

(7) The answer to the question raised in (6) is that if we put

P(Z) = ¿ P^(Z),

where pik) is a homogeneous polynomial of degree k, then pw(Z) is a linear

combination of the fe-rowed minors of Z. This will be proved in the next sec-

tion, owing to its independent interest.

(8) Now we have, instead of (23) and (24), the following expressions

q(Z) = ad(Z) +   Z ?    , o^O,
¡fc-0

n-l
(*)

Pa(Z) = aad(Z) + Z Pa ,

where qw and pf/ are linear combinations of the fe-rowed minors of Z. We

may let a = 1. Let z¡,-* be the cofactor of 2,7, then

g<-"-   Z   caz*,
láiáíá»

There exists S such that

q(Z - S)

contains no term of order « — 1. Thus, we may assume that gfn-1) =0.

Further the transformation

X = IF - (a{j)

carries (18) into a new one with Oi, = 0. Up to the present, (18) takes the form
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(26) ?(Z) = d(Z) + "¿V>
*-o

and

(27) Pa(Z) = Y, pli ,
k—o

where qw and pam are linear combinations of the &-rowed minors of Z. A is

given by (25).

Since the singular matrices form a manifold of dimension «(«+1)—2,

there is a nonsingular matrix Z carried into a nonsingular matrix W. Without

loss of generality we may assume that

(28) 7 = T(7).

(9) We write

(29) pa      =    X ■   aij,stz,t, 1 á i; j ú n.

We shall prove that (29) forms a system of independent equations. In fact, the

degree of the Jacobian of (18) with (26) and (27) is, by direct verification,

not greater than

«(« + 1)
(- 2)- - 1 = -«(«+ 1) - 1.

the last " — 1" appears, as the highest terms are dependent. Then A is of de-

gree not less than «(«+1) + 1, which is impossible. We have therefore the

assertion.

(10). Now we consider the matrix

(30) (p?j ) = ^2 A„z,t, A'.t = A.t.

By (5), we have the consequence that d(Z) divides

{n-X)        (n-1)        (n-1)

(n-1)        (n-1) Pii Pij Pik
Pu Pu (n-D        (n-1)        (n-1)

(n-i)     (n-i)        and        pij       pa       pjk
Pu Pii (n-1)        (n-1)        (n-1)

Pik Pik pkk

Therefore if d(Z) =0, we find that (30) is of rank not greater than 1. In par-

ticular A a are of rank 1, as that A a cannot be of rank 0 has been shown in (9).

We write
An = (an, ■ ■ • , ain)'(an, ■ ■ ■ , a,„).

By (28), we have
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J2Aii = I.
<—l

Let
A = (an),

then
A'A = 7.

Thus AT(Z)A' carries (30) into a new one with

An = [0, • • • , 0, 1, 0, • • • , 0]

(where there are i — 1 zeros preceding the one).

We write

(n-l) *     i       V^ * ("-D *     i       V *
pu     — zu +   Zj   aaza,        Pa     = 222 +   2-j   caza.

lS»<j'Sn lá»'<j'án

Since d(Z) divides

we write

(n-l)     (n-l) (n-l)   2

Pli       Pli —   (í>12       )

(n-l)    (n-l) (n-l)   2

in     pa      - (Pli     )   = d(Z)g(Z).

By the lemma given in the next section, p$ °/>£ *' —(pi2 1})2 is a linear

combination of the two-rowed minors of

(Hi).

We write
(n-l) V^       »       *

pl2        =     2-1     OijZi,:
lë»<)'Ên

If p\2 contains Zi¡*(ij^l, 2) then pupa must contain xu*Xjí*, which is impossi-

ble. Therefore
(n-l) *

f>12 =   ±   2l2-

Consequently,

(n-l)    (n-l) .    (n-l)   2 • *    V^ *i*\~> *     i     / V *\/V *\
pn     pa      — (Pi2     ;   = Zu 2-,Cifin + Zii2_laifln.+ \¿_¡aif¡ii)\2-iciiii¡)

is a multiple of d(Z). This is possible only when c = o = 0. Thus we have

(n-l) * (n-l) *

pa     = Zu, pii      = ± Zi¡.

The transformation

[1, -1, 1, ■•• ,1]Z*[1, -1, ••• ,1]

carries Zi2* into — Zi2*, therefore we may assume that
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(n-1) *

Pli =  Zlt.

Since

Zll

*
Zl2

*
Zl3

*
Ziü

*
z22

*
— z23

*
Z13

*
— Z23

is not divisible by d(Z), we have

(n-1) *

Pi} = Zij.

Up to the present, we arrive at the conclusion that we may let

(3D

and

(32)

q(Z) = d(Z) + £ ?<*>

ii-2

pa(z) = z* + X) Pi} •

(11) We write

in a more precise form

(33)

where

pxxpa — pn = 0 (mod q)

pxxpa '— pxi = qty,

f  =  ^(n-2)  -|- ^,(n-3)  _}_

and \pw is a homogeneous polynomial of degree k.

Comparing the terms of degree 2« —3 in (33), we have

*     (n-2) *      (n-2) *     (n-2) .,-*.<»-»

zni>22       + z22pn       — 2Zl2il2       = d\¿)\¡/

By the result which will be proved in (12) we have

(n-2) (n-2) (n-i) (n-3)

pxx = Í>1Ü = f>22 = H> =0.

Now we are going to prove that pxxM, pxs.w, pnw and ^<"-1> are all zero

pose that the assertion is true for a>p. Then

Zllf>22   + Z22f>ll    — ¿Zl2pi2    = a{¿)\p

By (12) we have pviw=pxiw =p22(f) =\pi'~1) =0. Thus we have finally

q(Z) = d(Z),        Pa(Z) = Zij.



248 L. K. HUA [March

The theorem is proved completely, except the verification of the following

assertion.

(12) For «-2=<r>0, from

Zxxpn  + Z22Í11  — ¿3i2f>i2   = a(Z.)\¡/       ,

we can deduce that p$=pM=pg=xp(<'-u =0.

To prove this assertion, we make a transformation Z = W~l. Then

z* = Wij/d(W),        pt-(Z) = rlr\w)/d(W),

we have

¿-1\z)=¿n-°+1\w)/d(W);

wnr22      + îf22rn      — 2wiiXi2      = <¿>    (IT),

where <pM is a sum of t = (m—<r+l)-rowed minors. Let<£i be a r-rowed minor

contained in <f>. Putting all elements of W other than those contained in d>

equal to zero, we find that cpx, a determinant of order r, may be expressed^as

Wi2r22 + w22ru — 2wi2ri2

where rn, rn,r22 are sums of (t — l)-rowed minors of <pi. This is impossible for

«>3 as shown by the fact that the determinant vanishes identically for

wn=wu = w22 = 0. Thus we suppose thatr = 3. Since w22 contains no term with

factors Wh and wi3, we have

r22 = Cl(W22W33 — w23),

ru = c2(wuw33 — wi3).

and similarly

The equality

2 2
ci(w22«'33 — w23)wu + c2(wiiw33 — Wu)w22 — 2wi2rx2

i t
= W11W22W33 — W23W11 — W13W22 + • • •

implies

2 i
Ci(w22W33 — W23)Wxx + C2(WuW33 — Wxi) w23

i i
— wnw22w33 — w23Wn — W13W22 (mod Wn),

which is evidently impossible.

9. A result concerning adjugate. Now we are going to verify the assertion

stated in (7) of the previous section.

Let
X = (xa)
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denote an «-rowed symmetric matrix and let

Y = (ya)

be its inverse. Now we consider the following problem: find the polynomial

/( Y) in y a satisfying

(34) f(Y)d(X) = g(X),

where g(X) is a polynomial in Xi,-. Since d(X) is a homogeneous polynomial,

we need only consider the homogeneous part of/(F) as well as g(X). Thus

our problem is reduced to finding homogeneous/(F) satisfying (34). Let I be

the degree of/(F) and

3>U Pnn

nn  .(35) f(Y) =        22       P(Pn, ■■■ , Pnn)yu  ■
J>11+- • - + 3>n7i-'

Then g(X) is of degree « — I and can be written as

(36)                              g(X)   =               Z ?(?«.   ■   •   -   »  ?nn)*ll
911-1-hSnn—"—¡

911 9nn

Xnn  >

Let

X* = (x*n) = d(X)Y.

Then (34) may be written as

Va j./'a j.   ^   *Pn *Pn
.    „ 2-1 P(PU,   ■   ■   ■   ,  Pnn)Xu        •   •   •   »nn
(37)      un-!--■■+?„„=*

=   (d(X))1-1              Z ?(?"'  '  -  -   > ?»n)*ll ■   X,
«11-1-hlnn—»—'

ill inn

nn *

Notice that the relation (37) is a reciprocal one, in fact, from (37), we

deduce also

Z, N     *911 *9nn
?(?lli  -   -  -   i Çnn)*ll       •   •  •   »nn

911-1-F9nn=n— I

(38) „_I_1 .Ml 3>nn
=  0(A)                         2-1 P(Pll,  ■  •  •   , ÍW^ll    •  ■  ■   Xnn   •

Ml-I-l"Pnn=»

Does (37) have a solution? It is known(10) that a minor of order / satisfies

our requirement. The purpose of the present section is to establish the con-

verse, namely:

Theorem 10. (37) holds if and only if (36) is a linear combination of the

(n—l)-rowed minors. Consequently, (34) holds if and only if g(X) is a linear

combination of the minors of X.

(io) Wedderburn, Lectures on matrices, Amer. Math. Soc. Colloquium Publications, vol. 17,

p. 67, formula (20).
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Proof. The theorem is evidently true for / = 0,1, « and « — 1. Consequently

the theorem is true for « = 1,2 and 3.

LetM^4and»/2^Zg«-2. We write

g(X) = gi(X) + go(X),

where gi(X) vanishes for Xu=xi2= • ■ • = 3Ci„=0. Putting

\o xj

we find, by comparing the homogeneous parts, that go(X) =go(X{) satisfies

(37) with I —I, « — 1 instead of I, n. By hypothesis of induction, go(X) is a

linear combination of (n — l) -rowed minors of Xi.

Let
gi(X) = g2(X) + gi,o(X)

where g2(X) vanishes for

»11  =   »12   =   •   •   •    =   »in   =   0

and for
»12   =   »22   =   •   •   '    =   »2n   =   0.

Then gio(X) is also a linear combination of the (« —i)-rowed minors of X.

Proceeding successively, we have

g(X) = go(X) + gio(X) + ■■■ + gno(X) + *(X),

where yp(X) vanishes for

»11   =   »12   =   •   •   •    =   »In   =   0,

for
»12  =   »22  =   •   ■   •    =   »2n   =   0,

and for
»In   =   »2n   =   "   '   '    =   Xnn  =   v.

Since the degree of *p(X) isn—l^n/2, it is only possible for l = n/2, and \p(X)

contains only terms of the form

C»12»34 •   •   •   »n-ln.

The term (»h • ■ • »nn)'-1(»i2»34 ■ : ■ »n-in) cannot appear on the left side of

(37). Therefore we have the theorem.

10. Elliptic geometry. Now we let

/77   0\
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where 77= [l, • • • , 1, — 1, • • • , — l] with p positive l's and q negative l's,

p+q = n.

The points (Wi, W2) making

(43) (Wx, Wi)k(Wx, W2)'

of the same signature as 77 form the elliptic space with signature (p, q). The

symplectic transformation

(Zi, Z2) = Q(Wx, W2)F,       F£F' = £

is called a motion of the space.

Theorem 11. Any nonsingular symmetric pair of matrices (Wx, W2) making

(43) nonsingular belongs to the elliptic space of signature (p, q).

Proof. We have a nonsingular matrix T such that

(44) f(Wx, W2)t(Wx, W2)'T' = 77o

where 770 is a diagonal matrix with p' positive l's and q' negative l's.

Let

(Wt W*2) = T(Wi, W2).

Construct the symplectic matrix

p-(    WS     WS\
\-HoW*H    HoWiH/

We may verify directly that

/«ox    _/*.ox

\0     Hf VO     Ho)

Owing to the invariance of signature, we have 7Z = Z70. The theorem follows.

From Theorem 11, we have that the elliptic space of signature (p, q) is

formed by all nonsingular symmetric pairs of matrices (Wx, Wi) except those

lying on

d((Wi, W2)l;(Wi, Wi)') = 0.

From Theorem 11, we may easily find that

(45) d((Wx, WiMWx, W2)'H) = 0

for any nonsingular pair of matrices (Wx, W2) and that the equality holds on

a manifold of dimension not greater than «(« + 1) —2. Now we shall go further

to establish the following theorem.
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Theorem 12. 7/

d((Wi, W2)t(Wi, Wi)') = 0

then (Wi, W2) lies on a manifold of dimension not greater than «(«+1)—3.

Proof. By the consideration of semi-involutions, we have only to consider

the nonhomogeneous expression, that is, we are going to prove that the sym-

metric matrices Z satisfying

(46) d(H + ZHZ) = 0

form a manifold of dimension not greater than «(« + 1)—3.

The equation (46) implies that HZ~1HZ~1 has at least a negative root, if Z

is nonsingular. By a theorem due to the author(u), those Z form a manifold

of dimension not greater than «(« + 1)—3.

The equation d(Z)=0 does not imply o*(77 + ZHZ) = 0 identically. The

manifold defined by

d(Z) = d(77 + Z77Z) = 0

is therefore of dimension not greater than «(«+1)—3.

Theorem 13 (Fundamental theorem of the elliptic space). An ana-

lytic automorph of the elliptic space of signature (p, q) is a motion of the space.

Proof. Let

IF = T(Z),       T = (fa)

by an analytic mapping of the elliptic space onto itself. Then/i;(Z) is analytic

in the whole extended space of symmetric matrices except possibly on a mani-

fold of dimension not greater than «(re + 1) —3. By the continuity theorem(12)

of functions of several complex variables, /,,(Z) is analytic in the whole ex-

tended space. Its inverse mapping is also analytic everywhere. The theorem

follows from Theorem 12.

11. Hyperbolic space. The hyperbolic space is formed by the symmetric

matrices Z making I — ZZ positive definite. A symplectic mapping carrying

the space onto itself is called a motion of the space.

Theorem 14 (Siegel). .4« analytic mapping carrying the hyperbolic space

onto itself is a motion of the space.

For completeness, we give here a proof which is different from that due

to Siegel.

Proof. (1) The space is transitive, hence we need only to consider the trans-

(") Ibid. Theorem 6.

(u) Levi, ibid., or Satz 17, Folgerung 1 of Behnke and Thullen, Theorie der Funktionen

mehrerer komplexer Veränderlichen, Julius Springer, 1934.
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formations keeping 0 invariant. By a theorem for circular regions proved by

H. Cartan(13), the mapping is a linear one. Let

(47) W =   X)   Ar*zrs,       Ars = A'„,

be the mapping. Since I—ZZ = 0 is the intersection of all the algebraic surfaces

bounding the space, the mapping (47), therefore, carries unitary symmetric

matrices into unitary symmetric matrices.

Since any unitary symmetric matrix can be expressed as UU' where U

is unitary, we may assume that (47) carries I into itself. Consequently, we

have

(48) ¿ Arr = Z.
r=l

Putting Z= [e'ex, • • • , &'»], we have

Z = WW = ( ¿ ArTeA ( ¿ J„e-A

for any real 6. Consequently we obtain

(49) A „A,, = 0 for r ^ s.

(3) From (48) and (49), we have

ATr —  ^rrl     / . A KK I  = ArTArr =  1    /^     s8)-™-rT = -"rr.

Then A„ are real and ^4rr^4s, = 0, Arr2=Arr. Therefore, we have a real orthogo-

nal F such that
TArrr = [0, • • ■ , 0, 1, 0, • ■ • , 0]

(where the 1 in the brackets is in the rth place). Without loss of generality

we assume that

(50) A„ - [0, • • ■ , Ö, 1, 0, • • • , 0]

(where the 1 in brackets is in the rth place).

(4) Now we put

+ [!,••-, 1].
/ 0 e«\

" V*   0/

From (48) and Z = WW, we have

A 12Â~i2 + ei9^.i2(Z - An - A22) + (I — An - A22)e-wAi2

+ (I - An - A22)2 = Z,
for all 6. Thus we have

(") Journal de Mathématique (9) vol. 10 (1931) Theorem 6.
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Ai2 = a<2> + 0,

where a5 = 7(2).

(5) Further we let

(e"/21>2       1/21'2   \  .
Z = ( ) + 0("-2'.

From (48) and 7— IFIF = 0, we deduce immediately that

"••=2-C _!-,.)+«)((T -!<•)+*)

(e~<T       0 \      /eiT       0   \
a( ) + ( )5 = 0

\0        -e")      \0      -e-"/

Consequently

for all t. Then

+ CD-
Similarly Ar, is determined completely apart from a sign. We may assume

that .4i, takes the positive sign. Since

—Z23      Z33

is unitary, the theorem is now established.

Finally, the author gives the following theorem which shows the impor-

tance of the notion of the characteristic roots of the distance-matrix.

Theorem 15. A mapping carrying the hyperbolic space "I — ZZ being posi-

tive definite" into itself, and keeping the characteristic roots of the distance matrix

between two points invariant, is either a hyperbolic motion or a hyperbolic motion

combined with a reflexion Z=W.

Proof. The proof is comparatively simple, and it contains some repetition

of our old argument. The author gives only the main procedure of the proof.
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(1) The distance matrix X)(A, B) of two points A and B of the space is

defined by

X)(A, B) = (A - B)(A - B-1)-1^-1 - F)(3-x - 5"1)"1)"1-

In particular for 73 = 0, we have

%)(A, 0) = AT.

(2) Owing to the transitivity, we need only consider the mapping IF= T(Z)

keeping 0 invariant. Thus both Hermitian matrices WW and ZZ are conjunc-

tive. In particular the mapping keeps the rank of Z invariant.

(3) Let
r([l/2, 0, • ■ • , 0]) = (oi, • • • , o„)'(oi, • • ■ , o„).

By a slight modification, we may let

r([l/2, 0, ••• ,0]) = [1/2, 0,--- ,0].

From the invariance of the characteristic roots of distance-matrix we find

r([x,, 0, ••• ,0]) = [Xi, 0, •• • ,0],

for all real Xi. Without loss of generality, we may modify T such that

r([0, X2)0, ••• ,0]) = [0, X2, 0, •• ■ ,0],

r([o, o, ••• ,0, x„]) = [o,o, •••, o, x„])

for all real X2, • • • , Xa.

Next, we may show that for any real diagonal A we have

r(A) = A,

and that for all real X, we have

r(X) = X.

(4) Since W=T(Z) and

r(X, W) = r(X, Z),

we find that

\d(X - IF) |2 = \d(X -Z)\2

for all real X. We deduce that

IF = Z    or   Z.
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